Abstract. Let B(Λ) be a level ℓ highest weight crystal of the quantum affine algebra Uq(A (1) n ). We construct an explicit crystal isomorphism between the geometric realization B(Λ) of the crystal B(Λ) using quiver varieties and the path realization P ad (Λ) arising from the adjoint crystal B ad,ℓ of level ℓ.
Introduction
The theory of perfect crystals was developed in studying vertex models in terms of representation theory of quantum affine algebras [10] . The theory of perfect crystals has a lot of applications to several research areas, and plays an important role in the theory of crystal bases. The crystal B(Λ) of an irreducible highest weight module V (Λ) with highest weight Λ over a quantum affine algebra can be realized as the crystal P B (Λ) consisting of Λ-paths in a perfect crystal B. In [1] , Benkart, 
n , C
n , A
2n , D
n+1 and D (1) n (which yield types B
2n−1 ) in [9, 11, 18, 26] . These perfect crystals are called the adjoint crystals of level ℓ.
Let g be a symmetric Kac-Moody algebra. Lusztig [19, 20] gave a geometric construction of U − q (g) in terms of perverse sheaves and introduced the notion of canonical bases (or lower global bases by Kashiwara [15] ). In [17] , Kashiwara and Saito proved that the set B(∞) of irreducible components of Lusztig's quiver varieties has a crystal structure, which is isomorphic to the crystal B(∞) of U − q (g). For a dominant integral weight Λ, Nakajima [22, 23] defined a new family of quiver varieties corresponding to Λ and constructed a geometric realization of V (Λ). In [24] , Saito defined a crystal structure on the set B(Λ) of irreducible components of certain Lagrangian subvarieties of Nakajima's quiver varieties, and showed that B(Λ) is isomorphic to the crystal B(Λ).
In this paper, we give an explicit crystal isomorphism from the geometric realization B(Λ) to the path realization P ad (Λ) arising from the adjoint crystal B ad,ℓ of level ℓ for type A (1) n . This is a generalization of the previous result [13] . Let g be the Kac-Moody algebra of type A corresponding simple Lie algebra. Let B 1,ℓ (resp. B n,ℓ ) be the perfect crystal of level ℓ given by (2.1) (resp. (2.4)). Choose the counterclockwise orientation Ω of the Dynkin diagram of type A (1) n . Let Λ be a dominant integral weight of level ℓ, and let Λ ′ := i∈I Λ(h i+1 )Λ i and Λ ′′ := i∈I Λ(h i−1 )Λ i , where Λ i is the ith fundamental weight. We first deduce two kinds of Young walls [5, 8] from the results in [3, 7, 12] , and describe irreducible components of quiver varieties by using these two kinds of Young walls; see Proposition 4.2, Proposition 4.3. Then, using these descriptions, we give a geometric interpretation of the fundamental isomorphism of perfect crystals . Unlike the approach in [13] , we deal directly with irreducible components in the crystal B(Λ) without using the strict embedding B(Λ) ֒→ B(∞) ⊗ T Λ ⊗ C. From these fundamental isomorphisms, we give explicit isomorphisms from B(Λ) to the path realizations P 1 (Λ) and P n (Λ)
arising from B 1,ℓ and B n,ℓ in terms of dimension vectors (Theorem 5.6). Using the crystal isomorphism 
n ) and the theory of perfect crystals. Section 2 gives a description of the adjoint crystals B ad,ℓ of level ℓ for type
n in terms of Young tableaux. In Section 3, we review the geometric realizations B(∞) and B(Λ) using quiver varieties. In Section 4, we deduce two kinds of Young walls Y 1 (Λ) and Y n (Λ) which
give combinatorial realizations of B(Λ), and investigate connections between Y 1 (Λ) (resp. Y n (Λ)) and B(Λ). Then we describe irreducible components of quiver varieties by using these two kinds of Young walls. In Section 5, we construct an explicit crystal isomorphism B(Λ)
the description using Young walls in Section 4. Then we give an explicit description of the Λ-path in B 1,ℓ (resp. B n,ℓ ) corresponding to an irreducible component X ∈ B(Λ) in terms of dimension vectors. Using the crystal isomorphism B ad,ℓ ≃ B 1,ℓ ⊗ B n,ℓ , we obtain an explicit isomorphism
The free abelian group Q := n i=0 Zα i is called the root lattice and the semigroup Q + := n i=0 Z ≥0 α i is called the positive root lattice. For α = i∈I k i α i ∈ Q + , the number ht(α) := i∈I k i is called the height of α. The elements in P + := {λ ∈ P | λ(h i ) ≥ 0, i ∈ I} are called the dominant integral weights. Let U q (g) be the quantum affine algebra associated with the affine Cartan datum (A, Π, Π ∨ , P, P ∨ )
of type A
n . Let U − q (g) (resp. U + q (g)) be the subalgebra of U q (g) generated by f i (resp. e i ) for i ∈ I. Definition 1.1. A crystal B associated with U q (g) is a set together with the maps wt : B → P,ẽ i ,f i : B → B ⊔ {0}, and ε i , ϕ i : B → Z ∪ {−∞} (i ∈ I) satisfying the following conditions:
We refer the reader to [5, 14] for the tensor product rule of crystals. For Λ ∈ P + , let V (Λ) be the irreducible highest weight U q (g)-module with highest weight Λ. It was shown in [15] that U − q (g) and V (Λ) have crystal bases, denoted by B(∞) and B(Λ) respectively.
We now recall the notion of perfect crystals. Let U ′ q (g) be the subalgebra of U q (g) generated by e i , f i , q ±hi (i ∈ I), and set P := n i=0 ZΛ i ,
Denote by cl : P → P the natural projection from
B satisfying the following conditions:
(1) there exists a finite dimensional U ′ q (g)-module with a crystal basis whose crystal graph is isomorphic to B, (2) B ⊗ B is connected, (3) there exists a classical weight Λ ′ ∈ P such that
for any b ∈ B, we have c := i∈I h i , ε(b) ≥ ℓ,
Given Λ ∈ P + with level ℓ and a perfect crystal B of level ℓ, it was shown in [10, 11] that there exists a unique crystal isomorphism, called the fundamental isomorphism of perfect crystals,
sending the highest weight vector u Λ to u ε(bΛ) ⊗ b Λ . By applying this crystal isomorphism repeatedly, we get a sequence of crystal isomorphisms
is called the ground-state path of weight Λ and a sequence p = (p k ) 
n in terms of Young tableaux [18] . Let U q ( • g) be the subalgebra of U q (g) generated by f i , e i and q hi for i ∈ I \ {0}, and For b ∈ B(ℓ̟ 1 ), let ν i (b) be the number of i in b, and set ν 0 (b) := ν n+1 (b). Then
The crystal structure of B 1,ℓ is given in [11, Section 1.2]. The map wt :
More precisely, let
be the map sending a weight k∈I a k Λ k to the tableau b given by
Then ψ 1,ℓ is the inverse of wt : B 1,ℓ → wt(B 1,ℓ ). For each Λ = k∈I a k Λ k ∈ P + of level ℓ, the ground-state path p 1 (Λ) of Λ is given as follows:
. . , n + 1. We denote by P 1 (Λ) the path realization arising from B 1,ℓ .
We now consider the crystal B n,ℓ . As a U q (
• g)-crystal, B n,ℓ is isomorphic to the crystal B(ℓ̟ n ).
The crystal structure of B n,ℓ is given in [11, Section 1.2]. Then the map wt : B n,ℓ → wt(B n,ℓ ) is bijective, and the inverse is given by
which maps a weight k∈I a k Λ k to the tableau b obtained by
For Λ = k∈I a k Λ k ∈ P + of level ℓ, the ground-state path p n (Λ) of Λ is given as follows:
. . , n + 1. We denote by P n (Λ) the path realization arising from B n,ℓ .
Let
To define the Kashiwara operatorsẽ 0 ,f 0 on B ad,ℓ , we need some notation. For a tableau T and s ∈ Z ≥0 , let R s (T ) (resp. L s (T )) be the tableau obtained from T by removing s columns from the left of T (resp. the right of T ). In particular, if we take a tableau T of the form (2.7), then we regard
The Kashiwara operatorsẽ 0 ,f 0 are given as follows:
Note that B ad,ℓ is perfect by [10, Lemma 4.6.2].
Lemma 2.2. Let Λ := k∈I a k Λ k be a dominant integral weight of level ℓ. We set b to be the tableau in B((ℓ − a 0 )θ) such that the number of i in b and the number of i in b are equal to a i−1 for
is the ground-state path of Λ in B ad,ℓ .
Proof. We write
By construction, b is contained in B((ℓ − a 0 )θ) and such that the number of i in b and the number of i in b are equal to a i−1 for 1 ≤ i ≤ n + 1. Therefore, the assertion follows from ε(b) = ϕ(b) = Λ.
We denote by P ad (Λ) the path realization arising from B ad,ℓ . From (2.2), (2.5) and Lemma 2.1,
we obtain the 1-1 correspondence between wt(B 1,ℓ ) × wt(B n,ℓ ) and B ad,ℓ : and Λ := 2Λ 0 + Λ 1 . We set b :=f
, where u Λ is the maximal vector of B(Λ). Then the corresponding elements of b in P 1 (Λ), P n (Λ) and P ad (Λ) are given as follows:
Geometric realizations of crystals
In this section, we review the geometric constructions B(Λ) for type A
n . Let I = Z/(n + 1)Z and H the set of the arrows such that i → j with i, j ∈ I, i − j = ±1 . For h ∈ H, we denote by in(h) (resp. out(h)) the incoming (resp. outgoing) vertex of h. Define an involution − : H → H to be the
We take the map ǫ :
where
The matrix representations of x and x in the ordered basis v(α) are given as
, where x i (resp. x i ) is the matrix representation of x| Vi−1 :
and χ ∈ E(α). For χ ∈ E(α) and h ∈ H, define χ h := x in(h) if h ∈ Ω and χ h := x out(h) if h ∈ Ω. Let , be the sympletic form on E(α) defined by χ, χ
Note that E(α) may be viewed as the cotangent bundle of E Ω (α) (resp. E Ω (α)) under this form.
An element χ ∈ E(α) is nilpotent if there exists an N ≥ 2 such that for any sequence h 1 , . . . , h N ∈ H satisfying in(h i ) = out(h i+1 ) (i = 1, . . . , N − 1), the composition map χ hN · · · χ h1 is zero. We define Lusztig's quiver variety [19, 20] to be
Let IrrX(α) denote the set of all irreducible components of X(α). In [17] , Kashiwara and Saito gave a crystal structure to B(∞) := α∈Q + IrrX(α), and proved the following theorem. 
.2] There is a unique crystal isomorphism B(∞) ≃ B(∞).
We now review Nakajima's quiver varieties [22, 23] 
The group G(α) acts on X(Λ, α) by g·(χ, t) := (gχg
st be the set of all stable points of X(Λ, α). We define
Let IrrX(Λ, α) (resp. IrrX(Λ, α)) be the set of all irreducible components of X(Λ, α) (resp. X(Λ, α)).
In [24] , Saito defined a crystal structure on B(Λ) := α∈Q + IrrX(Λ, α), and proved the following theorem. 
Quiver varieties and Young walls
The Young walls are new combinatorial objects introduced by Kang [5, 8] for realizing crystals of basic representations for several types. Young walls generalize the notion of colored Young diagrams in [2, 21] . In this section, we deduce two kinds of Young walls from the results given in [3, 7, 12, 25] , and describe irreducible components of B(Λ) by using these two kinds of Young walls. This description will play a crucial role in proving Theorem 5.4.
Let P 1 k and P n k be the patterns of a fundamental weight Λ k given as follows:
is a wall consisting of colored blocks stacked by the following rules: (a) the colored blocks should be stacked in the pattern P 1 k (resp. P n k ) of weight Λ k , (b) except for the rightmost column, there should be no free space to the right of any block.
We number columns of Y from right to left, denoted by Y = (y j ) j≥0 where y j is the jth column of Y . Let ht(y j ) be the number of blocks in y j , and wt(y j ) := i∈I k ij α i (j ∈ Z ≥0 ), where k ij is the number of i-blocks in the jth column y j . Let Y 1 k (resp. Y n k ) denote the set of all Young walls in the pattern P 1 k (resp. P n k ). Fix Λ ∈ P + of level ℓ. Then Λ can be uniquely written as 
, then the order is given as follows: 
is the ground-state path of Λ in B 1,ℓ .
In a similar manner, we let
Here, if let
, then the order is given as follows:
We have a 1-1 map
is the ground-state path of Λ in B n,ℓ . Then, Y 1 (Λ) and Y n (Λ) have the crystal structures from P 1 (Λ) and P n (Λ) via the maps F 1 and F n , respectively.
Note that the crystal structures of Y 1 (Λ) and Y n (Λ) can be described completely in a combinatorial manner by using [3, Proposition 2.11], [7, Theorem 3.13] and [12, Proposition 6.1]. As a set,
is different from Y n (Λ) even when forgetting colors of Young walls. It is difficult to describe an explicit crystal isomorphism between Y 1 (Λ) and Y n (Λ) in a combinatorial manner [6] . We also remark that the description of Y n (Λ) is almost the same as that of Young pyramid given in [25] . Now we describe irreducible components of quiver varieties using Y 1 (Λ) and Y n (Λ). Take α := n i=0 k i α i ∈ Q + and write V (resp. V i ) for V (α) (resp. V i (α)). Let k −1 = k n and k n+1 = k 0 . By Proposition 4.1 and Theorem 3.2, there is the unique crystal isomorphism from
to B(Λ). We will describe these crystal isomorphisms explicitly. For s ∈ I, we define a linear map E
We first deal with an isomorphism of Y n (Λ) and B(Λ).
denote the ith block from the bottom of the jth column of Y (k) and c(b
rs ), (t, r, s) ≺ (k, i, j)}, where ≺ is the lexicographical order. Define 
Note that x(Y)
5. Quiver varieties and the crystals B 1,ℓ , B n,ℓ and B
ad,ℓ
In this section, we construct an explicit crystal isomorphism from the geometric realization B(Λ) to the path realization P ad (Λ) (resp. P 1 (Λ), P n (Λ)) arising from B ad,ℓ (resp. B 1,ℓ , B n,ℓ ). Let X ∈ B(Λ)
for Λ ∈ P + of level ℓ and α := Λ − wt(X). For an element (χ, t) ∈ X(Λ, α), let [χ, t] denote the G(α)-orbit of (χ, t) in X(Λ, α). For an element [χ = x + x, t] in a certain open subset of X, we will give an explicit description of the Λ-path in B ad,ℓ (resp. B 1,ℓ , B n,ℓ ) corresponding to X in terms of dimension vectors of ker(xx) k+1 / ker x(xx) k and ker
For this purpose, we need several lemmas. Combining (3.3) with results in [13] , we have the following lemmas.
Lemma 5.1. [13, Lemma 5.1] Let X ∈ B(Λ). For any element [χ = x + x, t] ∈ X and k ∈ Z ≥0 , we have
ker x k and ker x k are χ-invariant,
There is a nonempty open subset U ⊂ X such that
Let M := i∈I M i be an I-graded vector space and x ∈ Hom(M, M ) be a homogeneous linear map of degree k. For an x-invariant I-graded subspace N of M , let x| M/N (resp. x| N ) denote the homogeneous linear map of degree k in Hom(M/N, M/N ) (resp. Hom (N, N ) ) obtained by restricting x to M/N (resp. N ). Take elements
where N i is the i-subspace of N for i ∈ I. Then there exist
Proof. By definition, x| ker x 2 / ker x gives an I-graded isomorphism between ker x 2 / ker x and ker x∩Im x.
We set
Take a homogeneous ordered basis ω := {ω Then the matrix representative of x with respect to the basis ω is given as follows:
where a is an r × r matrix, b, d are r × t matrices, c is an s × t matrix and e is a t × t matrix. Note that a is invertible and d e has full rank. By construction, the representative of x ′ is given
The matrix representative of x ′ may be written as
Let X := af a −1 and Y be an invertible s × s matrix. Since d e has full rank, the following equations
have solutions. We choose a solution
of the above equations which maps V i to V i−1 for i ∈ I. We set
Now we take a map t ∈ i∈I Hom(M i , L i ) such that, for any element m = xm
Then we have t • x| M/ ker x = t ′ . Fix an ordered basis of L, and let t ′ be the matrix representative of
Then the matrix representative t of t| ker x can be written as
and Y is invertible, we have ker(x| ker x ) ∩ ker(t| ker x ) = 0, which yields ker x ∩ ker x ∩ ker t = 0.
Therefore, we have the assertion.
Recall the fundamental isomorphism of perfect crystals (1.1). Combining the perfect crystals B 1,ℓ and B n,ℓ with Theorem 3.2, we have
where 
) be an I-graded vector space isomorphism.
satisfying the following conditions: (a) there exists a nonempty open subset U ⊂ X such that
for some element [χ = x + x, t] ∈ X, (c) moreover, we have
where ψ 1,ℓ is the 1-1 map in (2.2), and
satisfying the following conditions:
where ψ n,ℓ is the 1-1 map in (2.5), and p
is the ground-state path of Λ in B n,ℓ given in (2.6).
Note that the open sets U , U ′ and U ′′ in Theorem 5.4 do not depend on the choices of φ andφ since [χ, t] denotes the G(α)-orbit of (χ, t) ∈ X(Λ, α). wt(y
Take an element [χ, t] ∈ U , and let χ ′ := χ| V (α)/ ker x and t
Note that χ ′ and t ′ are well-defined by Lemma 5.
Suppose that there is a nonzero χ ′ -invariant subspace S ′ of V (α)/ ker x with t ′ (S ′ ) = 0. Let
/ ker x be the natural projection. Set
Since S ′ is nonzero, S is a nonzero I-graded subspace of V (α). For any element v ∈ S, v can be
follows from
that S is χ-invariant. Moreover, by the assumption t ′ (S ′ ) = 0, we have t(S) = 0. Hence S is a nonzero χ-invariant subspace with t(S) = 0, which is a contradiction. Therefore, (χ ′ , t ′ ) satisfies the stability
Hence, there exists an element x in the
Then the assertion (b) follows from Lemma 5.3.
(c) Combining Proposition 4.1 with the fundamental isomorphism of perfect crystals (1.1), we have
Then, by Equation (5.2) and the isomorphism (4.2), we obtained
The remaining case (2) can be obtained in the same manner.
Let α, β ∈ Q + with β ≤ α, and Λ ′ = i∈I Λ(h i+1 )Λ i . We consider an analogue of the diagram given in [20, Section 12.10]:
where F ′′ is the variety of all triples (χ = x + x, t, M ) such that (a) (χ, t) ∈ X(Λ, α), (b) M is a χ-invariant subspace of V (α) with dimM = β and t • x(M ) = 0, and F ′ is the variety of all quintuples (χ, t, M, f, g) such that
We also have
,
is the I-graded isomorphism induced by g, p 2 (χ, t, M, f, g) := (χ, t, M ) and p 3 (χ, t, M ) := (χ, t).
Note that p 2 is a G(α − β) × G(β)-principle bundle and an open map.
Take a nonempty open subset U of X ∈ B(Λ) as in Lemma 5.2 and let α := Λ − wt(X) and
and
it follows from Lemma 5.3 thatŨ
is a nonempty open subset of U 0 . Therefore, given a nonempty open subset U ′ ⊂ X ′ , there exists a nonempty open subsetŨ ⊂ X such that, for any element
where φ : V (α)/ ker x → V (α − β) is an I-graded vector space isomorphism. In the same manner, let Λ ′′ = i∈I Λ(h i−1 )Λ i and γ := dim(ker x) for [χ = x + x, t] ∈ U . We consider the following diagram:
where F ′′ is the variety of all triples (χ = x + x, t, M ) such that
and F ′ is the variety of all quintuples (χ, t, M, f, g) such that
Define a map ι : U → F ′′ by ι(χ, t) = (χ, t, ker x) 
is an I-graded vector space isomorphism . Consequently, we obtain the following lemma. (
Let us recall the path realizations P 1 (Λ), P n (Λ) and P ad (Λ) arising from the perfect crystals B 1,ℓ , B n,ℓ and B ad,ℓ respectively. By Theorem 1.3 and Theorem 3.2, we have crystal isomorphisms from B(Λ) to P 1 (Λ), P n (Λ) and P ad (Λ) respectively. We give explicit descriptions in terms of quiver varieties.
be the unique crystal isomorphism given by Theorem 1.3 and Theorem 3.2. Let p
) be the ground-state path of Λ in B 1,ℓ (resp. B n,ℓ ) given in (2.3) (resp. (2.6)). Take an irreducible component X ∈ B(Λ). Then there exists a nonempty open subset U ⊂ X satisfying the following conditions:
(1) let
for [χ = x + x, t] ∈ U , then the weights r i and s i do not depend on the choice of [χ, t], (2) moreover,
where ψ 1,ℓ (resp. ψ n,ℓ ) is the 1-1 map in (2.2) (resp. (2.5)).
Proof. Let α := Λ − wt(X). We will use induction on ht(α). If ht(α) = 0, then there is nothing to prove. Assume that ht(α) > 0. We first deal with the case of Υ 1 and ker x. Let Λ ′ := i∈I Λ(h i+1 
of the groundstate path p 1 (Λ) can be viewed as the ground-state path of Λ ′ in B 1,ℓ , it follows from Theorem 5.4
(1) that r i does not depend on the choice of [χ, t] ∈ U for each i, and
The remaining case, Υ n and ker x, can be proved in the same manner. (1) let
where ψ ad,ℓ is the 1-1 map in (2.8).
Proof. Let α := Λ − wt(X). We will use induction on ht(α). Since the case ht(α) = 0 is trivial, we may assume ht(α) > 0. By Lemma 2.1, we obtain
On the other hand, by the induction hypothesis, there is an open subset U ′ ⊂ X ′ satisfying the conditions of our assertion. Then it follows from Lemma 5.5 that there is a nonempty open subset 
for [χ = x + x, t] ∈ U and [χ ′ = x ′ + x ′ , t ′ ] ∈ U ′ , our assertion follows from a standard induction argument.
The following corollary, which is a consequence of Theorem 5.4 and Theorem 5.7, can be regarded as a geometric interpretation of the fundamental isomorphism of perfect crystals ) is the ground-state path of Λ ′′ (resp. Λ) in B 1,ℓ (resp. B n,ℓ ) given in (2.3) (resp. (2.6)).
Note that the open sets U and U ′ in Corollary 5.8 do not depend on the choice ofφ since [χ, t] denotes the G(α)-orbit of (χ, t) ∈ X(Λ, α). Here, On the other hand, the ground-state path of Λ ′′ = 2Λ 1 + Λ 2 in B 1,ℓ is given as follows. 
